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SPACES
-A vector space over a field K (R or C) is a set X with operations vector addition and scalar multiplication satisfy properties in section 3.1.
- [1] An inner product space is a vector space X with inner product 〈·, ·〉 : X × X → K satisfying
• 〈x + y, z〉 = 〈x, z〉 + 〈y, z〉,
• 〈αx, y〉 = α〈x, y〉,
• 〈x, y〉 = 〈y, x〉,
• 〈x, x〉 ≥ 0 with 〈x, x〉 = 0 ⇐⇒ x = 0.
[2] An inner product induces a norm on X via x = 〈x, x〉.
- [1] A normed space is a vector space X with norm · : X → R satisfying
[2] Not every normed space does not comes form inner product space (e.g. l p with p = 2).
[3]
Every normed space induces a metric on X via d (x, y) = x − y .
- [1] A metric space is a set X together a metric d (·, ·) : X × X → R satisfying
• d (x, y) = 0 ⇐⇒ x = y,
[2] Not every metric space comes from a normed space (e.g. a metric space cannot be a vector space).
-Convergent sequence is a Cauchy sequence, but the reverse may not always be true. 
-A metric space does not have a notion of basis.
- 
LINEAR OPERATORS AND FUNCTIONALS
-[1] T : D(T ) → Y (D(T ) ⊂ X , X , Y : vector spaces over some field K ) is a linear operator if T (x + y) = T (x) + T (y) and T (αx) = αT (x). [2] A linear operator is called a linear functional if Y = K . -[1] The inverse operator exists if T x = 0 =⇒ x = 0. [2] If T −1 exists, then it is also a linear operator. [3] (ST ) −1 = T −1 S −1 . -[1] T is a bounded linear operator if there exists c > 0 such that T x ≤ c x for all x. [2] T = sup x =1,x∈X T x = sup x∈X \{0} T x / x . [3] T is continuous ⇐⇒ T is bounded, of course, T is a linear operator. [4] T : D(T ) → Y is
SPACE OF OPERATORS
-B (X , Y ) is the space of all bounded linear operator from X to Y . It is normed space with operator norms.
-[1] The algebraic dual space X * of a vector space is set of all linear functionals on X . The dual space X of a vector space X is set of all bounded linear functionals on X (i.e. X = B (X , K )).
-
X is a Banach space.
-Operators and functionals defined on finite dimensional vector spaces can be understood using bases and linear algebra.
ORTHOGONAL COMPLEMENTS AND DIRECT SUMS
GENERALIZED FOURIER SERIES BANACH FIXED POINT THEOREM
[2, Banach fixed point theorem] If X = is complete and T is contraction, then there exists a unique fixed point x ∈ X (T x = x).
[3] A metric space X is compact if every sequence has convergent subsequence.
[4] A compact set is closed and bounded, but the reverse is not true in general.
for all x ∈ Z where ρ is sublinear functional on X , then f has an extension from Z to X satisfying f (x) ≤ ρ(x) for all x ∈ X . A sublinear function is a function satisfying positive homogeniety and subadditivity.
[2] For x ∈ X , No. Then λ ∈ σ p (T ) (point spectrum), which is called eigenvalue.
No. Then λ ∈ σ r (T ) (residual spectrum).
Yes. R λ (T ) is bounded?
No. λ ∈ σ c (T ) (continuous spectrum).
Yes. λ ∈ ρ(T ) (resolvent set)
.
where X is a Banach space, then |λ| ≤ T .
SPECTRAL THEORY FOR COMPACT OPERATOR
-[1] Let X , Y be normed space. T : X → Y is a compact operator if T is linear and for all bounded sequence (x n ) (T x n ) has a convergent subsequence.
[2] A compact operator can be approximated by finite rank operator.
[3] If T n is compact and T n − T → 0, then T is also compact.
[4]
x n x =⇒ T x n T x.
[4] For λ = 0, the dimension of eigenspace is finite.
-[Fredholm Alternative Theorem] Let T : X → X be a compact operator on a normed space X . Let λ = 0. Then T λ = T − λI satisfies the Fredholm alternative. •
[2] T has a spectral representation
Since suppφ is closed, if x ∈ X \suppφ, then there must be > 0 such that 
